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ABSTRACT
In this paper, the authors derived the large sample distribution of the t
statistic based upon the obgservations on the first principal component instead
of the original variables. It is shown that the above statistic is distributed

asymptotically as Student's t distribution.
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ABSTRACT
In this paper, the authors derived the large sample distribution of the t
statistic based upon the observations on the first principal component instead
of the original variables. It is shown that the above statistic is distributed

asymptotically as Student's t distribution.

Key Words and Phrases: Principal components and asymptotic distributionm.
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1. INTRODUCTION

Data analysts are often confronted with the problem of large dimensional

data. In gsome of these situations, it is customary to reduce the dimension-

LA N Y I S e}

ality of the problem by using principal component analysis and te verform statis-

[ 7 tical analysis of the data using the new variables (principal components). For

:é example, the new variables are used in the area of classification. Chestnut and
Floyd (1981) used the principal components .as variables in identification of under-

. water targets. However, the statistical data analysis using the principal com-

ponents is adhoc since the distributions of the test statistics based upon the

principal components are complicated when the covariance matrix is unknown.

Ay Very little work was done in the literature on deriving the distributions

of these test statistics even in the asymptotic case. In this paper, we derive

the asymptotic distributipon of the t statistié‘EFsed upon the new variable

- (the most important principal component) instead of using any of the original

- variables. The above asymptotic distribution Ef shown to be Student's t distri-

bution. The accuracy of the above approximation is studied by comparing the

i "simulated values using the asymptotic expréssion~with,the standard Student's

: £ table. It is found that tﬁe accuracy of the above approximation is sufficient

for many practical situatioms.-
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2. ASYMPTOTIC DISTRIBUTION OF t-STATISTIC

BASED UPON A PRINCIPAL COMPONENT

w
L%

LAF S |

Consider a random matrix X = (xl,, ve X g

n+1)':' p % (n+l) whose columns are

»

.

l;‘

“-a

distributed independently as multivariate normal with a common covai‘_iance

%
]

matrix I and mean vector u.  Now,

T vy oy v
.".' e '
et

LA

n+l

where S = 2 '
i=1 ~

- ~

-0 X

E(S/n) =%

n+l

~ i-1~

(2.1)

' T=A -diag()\l,...,)\p) and Alz....z)‘p. Also, let G be an orthogonal matrix

LK
such that ¢ nSG

so that

r'yr

n

where Z =

= 2

).

-L-diag(ll....,lp) and 2'13"'32';,' Now, let

Y=/n((S/n) =L ) 2.2)
T'sST
== =A+ 2 (2.3)
So,
AH+ZH=HL 2.4)

where H=T'G. Now, let I'= (Yij) and G= (81;])' It is known (see Mallows (1961),

Fang and Krishnaiah (1981)) by applying perturbation technique that for Aa_

>A >A
a

1
ZZ

- : al =3/2

za Aa+zw+i’z‘a _Aa')‘i +0(n )
Z 2, 2 Z, 2
h =i + 7 jm ma 1o aa +0(n°3/2), jda
107X e Oy O %) O‘a-)‘j)z
Z

h =1- i + O(n.3/2) (2.5)

iszjxi/(n-l-l). Let I't pxp be am orthogonal matrix such th

a+l’
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3
where
zij- /—_ 13 /l—zgleiijY!,k' (2.6)
Using H=T'G, we obtain
8 a-j;l Y
+30 mz‘a 1§a 1w :miia-xm) m’z‘a i ﬁ'ﬁ"

, 1 aczun -3/2
.. --5m§ajaml+oc:x )
‘h R G R N P TR 2.7

Under the assumption of a single non-ifsotropic principal component, the eigen-
value )\1 is simple. Let the corresponding eigenvector be denoted by }: . Let

8" (311""’8171)‘ be the sample eigenvector corresponding to the largest eigen-

T

value 21 of S/n, and

T

g =T +5, 0 2 g 0l 02 (2.8)

according to Eq. (2.7). Now consider the statistic

T =v/a §i(§—yl/¢3158g17 2.9)

We know that

/a g} X-u) = /a gi(z-gﬂgi(n'uz)/ﬁ' X-ul+...

-~ ~,

- /R I &-w +o Q)

----------------------------------------




4
(g}5g,/m % = xysr 7
2rrsg /%) arisg a7h)
x [1-3 (=Hgr +—derir
Iish Ishy
+ ————ya—) +...]
TTST
STy
- (st /n)‘1/2+op(1). (2.11)
-r/2

Since /n (E(-E) is of order Op(l), and the Y,,'s in §i(n ), r=1,2,.,., are

i]
also of order OP(l), the order of probability convergence in Eq. (2.10), (2.1l1)

is valid according to the Chernoff-Pratt definition of op (Bishop, Fienberg
and Holland_(1975))

The statistic
/gy X-p) /A LIE-w
T= - + 0 (1). (2.12)
V8158, /n TSt P

54l

So the statistic T converges in distribution to Student's t distribution with

n degrees-of-freedom.

Suppose, we wish to test the hypothesis that Fiu-o. Then, we use
/n g'X

as a test statistic.
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3. AN EMPIRICAL STUDY ON THE ACCURACY
OF THE APPROXIMATION
In this section, we study the accuracy of the asymptotic expression given
in the preceding section. In Table 1, the entries in the rows corresponding

to ta give the values of t o where
P[titu]-(l-a) (3.1)

and t is distributed as Student's t distribution with n degrees of freedom.

~
The entries in the rows corresponding to a are the simulated values of o obtained
by using the IMSL subroutines GGNSM, EIGRS for the Monte Carlo methods. In

computing the simulated values, 5000 trials are performed and each trial con-

sisted of a random sample of size n+1 from a multivariate normal population with
covariance matrix I =diag.(2‘1,>‘2'._x$). The entries in the table are computed

E for different values of n, )‘1’ Ays A and p. From the table, we observe
- . 2

3
that the approximation is satisfactory when n is moderately large like 23,

The approximation is not good when o is small and n = 10, But, the accuracy

of the approximation increased as a increased even when n = 10, From Tables

2 and 3, we observe that the approximation is good when n= 23 and a increases

é for p = 4,5.




. TABLE 1

X COMPARISON OF ASYMPTOTIC SIGNIFICANCE LEVELS
w. Om.nﬁHH=mH=cr>.—.mc<>rcNm€=mzvlw

“”.. (Apprpedg) = (3,1,1)  n=10

. a .005 .01 .025 .05 .1 .15 .2 .25 .3 .35 .4 .45 .5

2 ty -3.169 -2.764 -2.228 -1.812 -1.372 -1.093 -,879 -.700 -.542 -.397 -.,260 -.129 0.0
Simu.

o a .0012 .0046 .0128 ,0322 .,0722 .1206 .1722 ,2272 .2862 .3352 .3922 .4500 .5104

§ a (1-a) .0010 .0019 .0032 .,0050 .0073 .0092 .0107 .0119 .0128 .0134 .0138 .0141 .0141

¥ o .55 .6 65 .7 .75 .8 .85 .9 .95  .975 .99  .995

3 €, .129 .260 .397 .542 .700 .879 1.093 1.372 1,812 2,228 2.764 3.169

”. Simu. A

| a .5670 .6224 .6770 .7338 .7884 .8368 .8854 ,9288 .97  .9888 .9974 .9982

‘.. A

g ) a(1-a)| .0140 .0137 .0132 .0125 .0116 .0105 .009 .0073 .0048 .0030 .0014 .0012

: 5000

: TABLE 1 (continued)

uw L Opaad =G e

\ a .005 .01  .025 .05 .1 15 .2 .25 .3 .35 .4 45 .5
g £, -2.807 ~2.500 -2.069 -1.714 -1.319 -1.060 -.858 -.685 -.532 -.390 -.256 =-.127 0.0
:

- Simu.2 .0034 .007 .0210 .0426 .0918 .144 .1930 .2440 .2948 .3546 .407 .4602 .5126

N«\.mc.lmu .0016 .0024 ,0041 .0057 .,0082 .0100 .0112 .0121 .0129 .0135 .0139 .0141 .0141

Lo "a
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